Abstract. In the presence of strong magnetic fields near pulsars, the QED vacuum becomes a birefringent medium due to nonlinear QED interactions. Here, we explore the impact of the effective photon-photon interaction on the polarization evolution of photons propagating through the magnetized QED vacuum of a pulsar. We solve the quantum Boltzmann equation within the framework of the Euler-Heisenberg Lagrangian to find the evolution of the Stokes parameters. We find that linearly polarized X-ray photons propagating outward in the magnetosphere of a rotating neutron star can acquire high values for the circular polarization parameter. Meanwhile, it is shown that the polarization characteristics of photons besides photon energy depend strongly on parameters of the pulsars such as magnetic field strength, inclination angle and rotational period. Our results are clear predictions of QED vacuum polarization effects in the near vicinity of magnetic stars which can be tested with the upcoming X-ray polarimetric observations.
Introduction
Detection of vacuum nonlinear electrodynamics effects would be of profound importance for our understanding of the physical vacuum, and therefore possible tests of such effects are of great interest to a wide community of physicists. However, so far nonlinear QED effects though subject to a large number of ground experiments have not been observed. Since, the vacuum birefringence which is a manifestation of nonlinear photon-photon scattering is a very small macroscopic quantum effect [1] [2] [3] [4] , it is essential to have a strong enough magnetic field source in order to detect it. Although typical magnetic fields of ground magnets are relatively weak (B ∼ 10 6 G), upcoming high-intensity laser facilities will be able to achieve ultra-high-field strengths in laboratories [5] [6] [7] [8] . At the same time the natural extreme regimes of strong magnetic fields ( of order of or above the critical QED field of 4.4 × 10 13 G) associated with pulsars and other compact astrophysical objects, provide wide opportunities to investigate nonlinear effects of electrodynamics in vacuum.
It has been shown that QED effects have a peculiar signature on the polarization observations of pulsars, while they have a less obvious imprint on spectral parameters [9] [10] [11] . It is well known that the appearance of the polarized virtual electron-positron pairs leads to different phase velocity of photons propagating in the ordinary mode (O-mode) and the extraordinary mode (X -mode). In fact, a pulsar is surrounded by a magnetized plasma containing relativistic electron-positron pairs (plus possibly a small amount of ions) within the light cylinder. At low frequencies (e.g. radio waves), this plasma is birefringent giving rise to similar effects to vacuum polarization effects, but at sufficiently high frequency (e.g. X-rays) the plasma only negligibly affects the radiation as it travels through the magnetosphere [12] [13] [14] [15] [16] [17] . It is worth mentioning that the combined plasma and vacuum polarization effects lead to a "vacuum resonance", where the contribution to the dielectric tensors of the plasma and of the vacuum compensate each other [14] . In the atmospheric plasma of a strongly magnetized neutron star, vacuum polarization can induce a resonance across which a X-ray photon can convert from a low opacity mode to a high opacity mode (O-mode or X -mode) and vice versa, analogous to the Mikheyev-Smirnov-Wolfenstein (MSW) mechanism for neutrino oscillation [18, 19] . In this mode conversion which depends on the photon energy and atmosphere density gradient, the polarization ellipse rotates 90
• . Meanwhile, the normal modes become circularly polarized as a result of the cancellation of the plasma and vacuum effects; since both effects tend to make the mode linearly polarized in mutually orthogonal directions [14, 15, 20] . Emission from the surface of a neutron star (NS) is expected to be intrinsically polarized, because of the anisotropy introduced by the strong magnetic field [21, 22] . In the absence of QED vacuum polarization effects, due to the different magnetic field orientations at the emission sites, the polarization from different regions will cancel each other leading to a drastic depolarization of the radiation collected at infinity [23] . It has been shown that the vacuum polarization is also important to align the polarization vectors of the photons emitted from different patches of the NS, thus ensuring an appreciable net polarization fraction at the detector [24] [25] [26] . This produces a 5-7 times larger polarization degree in the NS phase averaged signal [26] than in estimates where birefringence is not taken into account [23] .
Recently, a measurement of an optical linear polarization of the neutron star RX J1856.5-3754 has been reported by using the European southern observatory's (ESO) Very large telescope (VLT) that hints toward the presence of vacuum birefringence in the magnetized medium of a neutron star [27, 28] . RX J1856.5-3754 is brightest and youngest member of the "Magnificent Seven" (M7) which are a group of radio-quiet isolated neutron stars discovered in the soft X-rays through their purely thermal surface emission [29, 30] . It has been conjectured that, the measurement of a polarisation degree P.D. = 16.43% ± 5.26% and a polarization position angle P.A. = 145
• .39 ± 9
• .44 is large enough to support the presence of QED vacuum birefringence. They argued that independently on how thermal photons are produced, such a high value of linear polarization in the optical signal is extremely unlikely to be reproduced in the absence of QED vacuum polarization effects [27, 28] . However, as pointed out in [16] at intermediate frequencies (the optical through the infrared), the birefringence induced both by the plasma and by QED influences the observed polarization of radiation from the surface of the NS. Since the amount of plasma present varies according to the pulsar model adopted, it is hard to make accurate predictions of plasma birefringence [26] . In this situation X-ray polarimetry measurements can complement observations at optical wavelengths and are very significant to discriminate between the case of a gaseous atmosphere and a condensed surface emission models [27, 28] . As discussed in [11] , vacuum polarization dominates up to distance of about 3000 times the stellar radius for keV photons under the typical conditions of a magnetar magnetosphere, outside this radius plasma polarization starts to dominate.
In spite of having a vast amount of polarization data in the optical and radio bands, the only successful polarization measurement in X-rays dates back to 1976, when a Bragg polarimeter onboard OSO-8 measured the polarization of the Crab nebula which is one of the brightest object in the X-ray sky [31, 32] . Polarimetry based on the classical techniques, Bragg diffraction and Compton scattering (which require rotation of instrument), became seriously mismatched with an enormous increase of the sensitivity in imaging and spectroscopy devices [33, 34] . As a result, no polarimeters were included in major X-ray missions by the NASA or ESA (e.g. Einstein, Chandra and XMMNewton). The advent of a new generation of detectors, with the development of sensors based on the photoelectric effect [35] , has renewed interest in X-ray polarimetry leading to the several polarimetric missions recently proposed. The X-ray Imaging Polarimetry Explorer (XIPE) [36] , the Imaging X-ray Polarimetry Explorer (IXPE) [37] , and the Polarimeter for Relativistic Astrophysical X-ray Sources (PRAXyS) [38] will allow to exploit strongly magnetized NS as a laboratory for fundamental physics and eventually probe the properties of the matter in the strong-field regimes.
Generally, photon interaction with a charged particle causes the outgoing photons to be linearly polarized with non-vanishing values for Q and/or U, but there is no way to generate circular polarization parameter V in a scattering process of linear Maxwellian electrodynamics. Significant circular polarization can be generated through the conversion of linear polarization of radiation by taking into account several interactions, such as Compton scattering in a background whether the external magnetic field or noncommutative space time [39, 40] , photon-neutrino interaction [41, 42] , and photon-photon scattering [43] [44] [45] . Here we focus on the nonlinear aspects of QED in the perturbative regime that induces an effective interaction between photons. Recently, we have presented a formalism in [45] to consider the polarization effects caused by the photon-photon interaction in the presence of background electromagnetic field. Based on this formalism, we are going to investigate the effects of nonlinear QED interactions in the presence of strong magnetic field associated with pulsars. Here, we focus on the soft X-ray photons propagating through the magnetosphere of a pulsar. In the following we neglect the plasma contribution to the polarization properties which is a reasonable assumption in the high-frequency range. The aim of this paper is to explore all the relevant parameters and identify specific signatures in the polarization of outcoming photons from the pulsar.
The paper is organized as follows: Sec. 2 begins with introducing the set of equations that describe the time evolution of the Stokes parameters in the presence of a magnetic field, taking into account the Euler-Heisenberg effective Lagrangian. We then solve numerically these equations in order to find polarization characteristics of the original linearly polarized X-ray photons, which are propagating outward through decreasing magnetic field of a pulsar. In Sec. 3 we consider the generation of the circular polarized X-ray emission from the polar cap and possible extension to more general situations. Moreover, we discuss the implication of our results for the X-ray polarization signals from pulsars in more realistic configurations. Finally, in the last section we give some concluding remarks.
Pulsar Polarization due to Nonlinear QED effects
A convenient way to describe the polarization characteristics of a nearly monochromatic electromagnetic radiation emitted by a source is through the four Stokes parameters I, Q, U and V [46] [47] [48] . The parameter I gives the intensity of the radiation, the parameters Q and U describe the linear polarization, and the parameter V is a measure of the circular polarization. Meanwhile, the total degree of linear polarization can be represented by P L = Q 2 + U 2 . For a general source of light, the four stokes parameters satisfy the general relation
where the equality holds for 100% polarized radiation. Our approach is based on a quantum-mechanical description of the Stokes parameters and their time evolution are given by so-called quantum Boltzmann equation [49, 50] . In the following, in order to describe the nonlinear dynamics of electromagnetic fields in vacuum, we adopt the Euler-Heisenberg effective Lagrangian taking into account one-loop QED quantum corrections [1, 2, [51] [52] [53] . The time evolution of the the Stokes parameters due to the Euler-Heisenberg effective Lagrangian, has been extensively discussed recently in Ref. [45] in the presence of slowly varying background electromagnetic fields (electric and magnetic fields). In the present paper, we apply the same formalism in the case of a pure background magnetic field, where magnetic-field components are the only non-zero components of the background field strength tensor [See Eqs. (47)- (50) of Ref. [45] ]. Consequently the time evolution for the Stokes parameters can be obtaineḋ
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We choosek in the direction of outcoming photons from the pulsar with real polarization vectors in the transverse condition (ˆ 1 (k) andˆ 2 (k) ⊥k). From Eq. (2.1) it is clear that the total intensity of photons does not depend on the photon-photon forward-scattering term, since there is no dissipation in QED below the threshold energy of pair production. According to Eqs. (2.2)-(2.4), as a result of nonlinear QED interactions, the linear polarization of a radiation (Q and/or U = 0) can be converted into the circular polarization (V = 0) proportional to (α 2 B 2 k 0 /m 4 e ) due to the propagation in the presence of magnetic field. Both the energy dependence of the polarization features presented in this approach, and the geometry of the magnetic field with respect to the outgoing photons affect the time evolution of photons in the photon ensemble. In order to solve the coupled Eqs. (2.1)-(2.4) in the case of a particular photon across the magnetosphere of a pulsar, we rewrite them as follows:
where
According to Eq. (2.5),V can be cast intö
Now in order to find the Stokes parameters, we have to determine the several free parameters in Eqs. (2.5) and (2.6), such as the magnetic field vector B, the polarization vectors (ˆ 1 ,ˆ 2 ) and the energy of the outgoing photons (k 0 = hν 0 ). In this respect we assume the magnetic field of pulsar is dominated by a dipole field structure and pulses are emitted from the open field lines associated with the magnetic poles. Besides, the magnetic axis of a pulsar is not necessary the same as its rotational axis. The angle between the magnetic dipole axis and the spin axis is called the inclination angle α which is one of the free parameters with a range α ∼ 10 • − 30
• for the majority of pulsars. We also note that the exact determination of the polarization vectors is not possible, onlyk ·ˆ = 0 fixes the directions of the two polarization components orthogonal to the direction of the emitted photon. Moreover, it has been supposed that initially when a photon is emitted,k and B have the same directions and through the pulsar rotation, the magnetic field axis ( B) rotates around the rotational axis with a relative angle α. Therefore we define;
where ω = 2π/P is the pulsar's angular velocity and the polarization vectors are chosen to be orthogonal to the emission direction. The magnetic field has magnitude B(r(t)) = B 0 (R 0 /r(t)) 3 , where B 0 is the magnitude of the (dipole) surface field at the magnetic pole, R 0 = 10 km is the typical radius of the pulsar, and r(t) is the distance from the center of the star. From set of parameters Eq. (2.8) for Ω QV and Ω U V we obtain:
and
in which B(r) and k 0 are given in Gauss and keV, respectively, and also B c =m 2 e /e=1.282 × 10 13 G is the critical magnetic field. It has been assumed that the initial value of the circular polarization V 0 = 0 and completely linearly polarized radiation
, where the Stokes parameters are normalized by the intensity I, giving raise to dimensionless quantities. Regarding this set of parameters, we use a numerical integration to find the evolution of the Stokes parameters along the radial ray from the emission point on the NS surface up to large distances where the values of the Stokes parameters are âĂŸfrozenâĂŹ and no longer evolve. Here the effects of gravitational light bending are neglected, however it is straightforward to incorporate this effect into the model [10, 54] . The results for different parameter values such as the energy of photons (k 0 ), the rotational period of the star (P ), the surface magnetic fields (B 0 ) and the inclination angles (α) are displayed in Figs. 1 -2 . These figures show the evolution of the Stokes parameters relates to a particular ray as a function of relative distance r(t)/R LC , where R LC = c/ω is the radius of the light cylinder.
As it is shown, the conversion rate of linear polarization of radiation to circular polarization depends strongly on the coupling strength parameters α 2 B 2 k 0 /m 4 e (See Eqs. (2.5) and (2.6)). The conversion becomes more significant as the coupling strength is increased which manifest as rapid oscillations in Stokes parameters. As the photon moves away from the star surface, the magnetic field orientation rotates and its value decreases, hence the photon polarization is affected by the magnetic field as a function of space and time. Consequently the direction of the electric field of each photon varies inside this region. The polarization direction is eventually frozen, as photons travel far enough from the surface of the star inside the light cylinder, where the magnetic field is relatively weak with respect to the surface field B 0 .
Since the coupling is weaker at lower frequencies, Fig. 1 (left panels) pointed out the less energetic photons obtain smaller values of circular polarization parameter V during their propagation. Here we have considered soft X-ray emission in which the isolated neutron stars (e.g. M7) are bright enough for the future X-ray polarimeters operating in this energy range [55] to test QED effects in the strong-field regime of NSs. As one can find from Fig. 1 (right panels) the rotational-period variation of the star does change the polarization properties. Our results, in agreement with those of Refs. [10, 24] show that substantial circular polarization can be generated via a sufficiently rapid rotation. While previous considerations have relied on solving the transfer equation of the polarization modes or Stokes parameters when the approximations of geometrical optics are used and viewing fields as classical fields [10, 24, 56] , our quantum mechanic treatment is based on quantum Boltzmann equation to evaluate Stokes parameters.
Unlike our case, in the pervious studies [10, 26, 57 ] U 0 = 0, V 0 = 0 and Q 0 = 1 have been applied as the initial values to evaluate the Stokes parameters. In their considerations the polarization of the radiation remains in one of the two polarization modes ( e.g. Q 0 = 1 (Q 0 = −1) marked as O-mode (X -mode) ) up to the polarization-limiting radius, where the polarization direction is frozen, and a circular polarization degree can arise only as a consequence of the polarization mode evolution at this radius. But in this respect we show that circular polarization V can be developed through the conversion of linear polarization of radiation even far below polarization-limiting radius and photons can obtain high values of V during their propagation through the magnetic field. Besides, Fig. 1 (right panels) shows that for smaller values of rotational period (top panel), the polarization-limiting radius is a large fraction of the radius of the light cylinder, the same is true for the higher values of the surface magnetic field [See Fig. 2 (left panels) ]. We produce similar plot by varying the inclination angle which is presented in Fig. 2 (right panels) .
We also examined how the polarization position angle changes with the pulsar parameters, as are shown in Fig. 3 . When we solve the coupled equations given in Eq. (2.5), the Stokes parameters Q and U can also be obtained that leads to determining the position angle (P.A.) ψ = 1 2 arctan(U/Q). The variation of the amount of P.A. depends on the magnetic field strength B 0 , and it can be increased up to 45
• for a given set of parameters [See Fig. 3 (right panels) ]. While the QED interactions below the threshold energy of the electron-positron pair production do not modify the light amplitude in the different directions, here the vacuum rotation is a result of the spatial and temporal variations of the magnetic field. In contrast to some of the previous studies [14, 15, 18, 19] in which the resonance effect between the plasma and QED in a very specific region (resonance region) dictates several polarization characteristics of the X-ray radiation, namely (i) the conversion of photon modes following by 90 3 Circular polarization of the X-ray emission from the polar cap Stokes parameters are additive and each photon is characterized by its own set of Stokes parameters which are defined with respect to a given frame. Therefore a polarimeter will collect a large number of seed photons to measure the polarization properties of a given source. Unlike radio or optical telescopes, which measure the intensity of the radiation from the source, most X-ray instruments detect individual photons [57, 58] . In the previous section, we presented the main features of polarization evolution along a single radial ray in which the magnetic dipole vector during rotation around its spin axis, intersects the line of sight (LOS) at ωt = 0. For concreteness, we considered X-ray emission from the open field line region around the polar cap on the star surface. The size of the cap is given by the polar cap radius R pc = Rθ pc , where θ pc ≈ R/R LC = 2πR/cP is the half-cone angle of the open field region. Several authors have considered the observed polarization properties from a small hot spot on the NS surface caused by vacuum resonance, which occurs in the dense atmospheric layers [14, 59] . The situation is however, different in the case of surface emission from the entire surface of NS [26, 57] . In order to find pulsar polarization profile, it is necessary to determined the final ] for a particular photon moving radially outward in the magnetosphere. The horizontal axis r/RLC is the photon distance away from the stellar surface (emission point) in units of the light-cylinder radius. In the left panels, the different diagrams are plotted for various photon energies k0 as labeled and rotational period P = 1s. In the right panels, they are plotted for various rotational period P as labeled and photon energy k0 = 1keV . In this cases, the other parameters are surface magnetic field B0 = 2 × 10 12 G and inclination angle α = 15
• .
polarization states (Stokes parameters) of the photon from each emission point on emitting surface. Stokes parameters depend on the direction of the local magnetic field which is in general non-uniform across the emission region, but it can be treated as uniform over a small polar cap size [57] . Observed polarization direction from a surface element is correlated with the direction of the magnetic field at the polarization-limiting radius, instead of the magnetic field direction at the emission point [14] . The polarization limiting radius may occur close to either NS surface or light cylinder radius. A larger value of this radius results in a larger polarization fraction since the rays pass through only a small solid angle far from the star surface, where the magnetic geometry is uniform [25] . However, if the magnetic field has cylindrical symmetry, the net circular polarization for thermal radiation coming from the whole stellar surface or a finite sized polar cap is expected to be zero in the case of a sharp boundary for the adiabatic region [14, 25, 26, 57] . According to some numerical simulations taking into account an intermediate region even in the presence of resonant cyclotron scattering, circular polarization is expected not to exceed a few percent in the X-ray band [11, 27, 57, 60] . Besides, it has also been shown that for rapidly rotating NSs, mode recoupling does not occur instantly at polarization-limiting radius which can results in significant circular polarization [10] .
We have shown here that as the rotational frequency of the pulsar or the surface magnetic field strength increases, the polarization-limiting radius increases [ See Fig. 1 (right panels) and Fig. 2  (left panels) ]. In our computation we have started with a mixed state of both Q and U without any circular component V as initial condition, we found that for some certain parameters, the generation of the high degree of circular polarization even larger than 60% is possible. It is worth mentioning that the generation of circular polarization in our model is due to conversion of linear polarization of radiation even below the adiabatic radius. In fact there is no sharp boundary for the adiabatic region in our case.
The photons that we observe from NS are emitted from different emission points, with different rotation phases which lead to the final observed Stokes parameters as a function of the rotation phase. The pulsar rotation phase can be written ψ = ψ em + ω∆t = ψ em + r(t)/R LC , where ψ em is the corresponding phase at the emission point (ψ = 0 when B lies in the X-Z plane). Following the papers [10, 17] , one may introduce a reference frame (X,Y,Z) in which the observer LOS is along the Z -axis (Ẑ =k), and the rotation axisΩ is define to be in the XZ plane. Where the angle betweenΩ andẐ is denoted by ζ. Furthermore, the direction of the magnetic filed B at a given point along the ray in this frame is specified by the polar angles (θ,φ) as cos θ = cos ζ cos α − sin ζ sin α cos ψ, (3.1)
Where ψ is the NS rotation phase and α is the inclination angle as we introduced before. Let us assume the photon trajectory is a straight line along the wave vector k with the polarization vectors (ˆ X ,ˆ Y ) in theX andŶ directions, respectively. According to this more general configuration, Equations (2.5) take the following formsİ [10] , where instead of quantum Boltzmann equation, authors used evolution equation for the mode amplitude to drive evolution equation for the Stokes parameters. While the phasedependent emission from an extended area on a NS surface is computed according to different methods [54, 59, 61, 62] , we stress that our main goal is not to compute X-ray polarization observables for a precise, physical model of surface emission. However, we expect that our results are not qualitatively sensitive to the polar cap size, as it has been noted in [59] , the main difference between cases with various polar cap sizes are the ranges of phase over which the spot is visible. Actually, when the polarization-limiting radius lies far away from the star surface, the photons coming from different emission points experience the same dipole field. Generalization of our computations to more realistic configurations taking into account the present knowledge of pulsar emission models, will be the subject of a future paper. Furthermore, our formalism can be applied to more complex situations when several hotspots or the entire surface of NS contribute to the X-ray emission
Conclusions and Remarks
In this paper, we have investigated the polarization properties induced in linearly polarized X-ray photons propagating through the magnetized QED vacuum of a pulsar. We solved the quantum Boltzmann equation by taking into account nonlinear photon-photon interactions within the framework of the Euler-Heisenberg Lagrangian in the presence of strong magnetic fields associated with pulsars. Consequently the set of equation describing the evolution of Stokes parameters has obtained as presented in Eq. (2.5). With our working assumptions, we find the evolution of the Stokes parameters Q, U and V, the results are shown in Figs. 1-3 , where all the free parameters are varied Results are shown for a particular photon moving radially outward in the magnetosphere as a function of the dimensionless distance r/RLC . In this case, the parameters are the surface magnetic field B0 = 10 12 G (left panels), and B0 = 5 × 10 12 G (right panels), inclination angle α = 15
• , photon energy k0 = 1keV , and rotational period P = 1s.
in order to explore the polarization properties of the system. Moreover we showed that the circular component and P.A. provide independent validations of QED vacuum polarization effects. Although our model is based on some simple assumptions, it captures novel features of the polarization signals such as the generation of high degree of circular polarization. One of the advantages of our approach is that the quantum Boltzmann equation can be contained all possible interaction terms, giving rise source terms for the Stokes parameter V. Measurements of the circular polarization degree are possible in the optical band [63] , while current instruments based on the photoelectric effect or Compton scattering can only measure linear polarization [64] . The circular polarization fraction has been little explored so far since the low degree of circular polarization in X-ray emission of pulsars was expected.
Future instruments will be able to measure both linear and circular polarization in addition to P.A. at soft X-ray energies. Our results therefore demonstrate the unique potential of X-ray polarimetry in probing the physics in the strong-field regime of astrophysical objects. Measurements of X-ray polarization, particularly when phase-resolved and measured in different energy bands give an unique opportunity to study nonlinear QED effects in the strong magnetic field of pulsars by using upcoming facilities [33] [34] [35] [36] [37] [38] . It can provide the first demonstration of QED vacuum birefringence besides many experimental efforts to detect photon-photon interaction in the ground based laboratories.
